Abstract. We give exotic structures on punctured simply connected smooth 4-manifolds different from S 4 which are not diffeomorphic to any leaf of a codimension 1 foliation on a compact manifold. In addition we construct a continuum of exotic structures on S 3 × R which are not diffeomorphic to a leaf of a codimension 1 foliation on a compact manifold.
Introduction
The stunning results of Donaldson [6] and Freedman [7] provided the existence of exotic smooth structures on R 4 , which is known to be the unique euclidean space with this property. This is in fact also true [2] for an open 4-manifold with a collarable end. The fact that these structures can arise in 4-dimensional manifolds has implications for physics (see e.g. [17] ), i.e., what if our space-time carries an exotic structure? Since the exotic family was discovered in the 1980 ′ s, nobody has been able to find an explicit and useful exotic atlas. It is worthy of interest to obtain alternative explicit descriptions of these exotica.
An open manifold which is realizable as a leaf of a foliation in a compact manifold must satisfy some restrictions. Since the ambient is compact, an open manifold has to accumulate somewhere, and this induces recurrences and "some periodicity" on its ends. It was shown by J. Cantwell and L. Conlon [4] that every open surface is homeomorphic to a leaf of a foliation on each closed 3-manifold. The first examples of topological non-leaves were due to E. Ghys [11] and T. Inaba, T. Nishimori, M. Takamura, N. Tsuchiya [15] ; these are highly topologically non-periodic open 3-manifolds which cannot be homeomorphic to leaves in a codimension 1 foliation in a compact manifold. Years later, O. Attie and S. Hurder [1] , in a deep analysis of the question, found simply connected examples of non-leaves, non-leaves which are homotopy equivalent to leaves and even a Riemannian manifold which is not quasi-isometric to a leaf in arbitrary codimension. This final example follows the line of the work of A. Phillips, D. Sullivan and T. Januszkiewicz [18, 16] . We remark that these later examples are 6-dimensional.
C.L. Taubes [22] showed that the smooth structure of some of the exotic R 4 's is, in some sense, non-periodic at infinity, and this leads to the existence of a continuum of non-diffeomorphic smooth structures. It is an open problem whether an exotic R 4 -and, by extension, any open manifold with a similar exotic end smooth structure-can be diffeomorphic to a leaf of a foliation on a compact manifold. By a simple cardinality argument, most of the exotic R 4 's cannot be covering spaces of closed smooth 4-manifolds by smooth covering transformations since the diffeomorphism classes of smooth closed manifolds are at most countable. The authors do not know a direct proof of this fact. All these results motivated a folklore conjecture in foliation theory suggesting that these exotic structures cannot occur in leaves of a foliation in a compact manifold.
In this paper we deal with particular cases of exotic R 4 's, those with "infinite complexity." The main difference between an exotic R 4 and the standard R 4 is the existence of a compact set which cannot be disconnected from infinity by a smooth sphere. Complexity measures the minimal first Betti number of a smooth 3-submanifold disconnecting a given compact set from infinity. If this first Betti number grows to infinity as the compact sets cover the whole manifold we say that the complexity is infinite. In the thesis of S. Ganzell [10] the existence of such structures was shown.
These particular exotica have a good control on the end structure and we can use them to perturb the standard end of a punctured smooth 4-manifold. We adapt Ghys' procedure in [11] to punctured simply connected smooth 4-manifolds nonhomeomorphic to S 4 with infinite complexity and show that they cannot be leaves in a codimension 1 foliation. The same arguments are used to find an uncountable family of exotic structures in S 3 × R which are non-leaves. We conjecture that open 4-manifolds with infinite complexity (at an isolated end) cannot be diffeomorphic to leaves of a foliation of arbitrary codimension in a compact manifold. For exotic R 4 's with infinite complexity we can say, at least, that they cannot be proper leaves. The paper is organized as follows:
• A first section is devoted to complexity and exotica of infinite complexity. This is in fact a brief exposition of the results of Ganzell [10] .
• In the second section we show that punctured simply connected smooth 4-manifolds with infinite complexity are non-leaves, following Ghys' method of proof [11] .
• In the third section we give a particular smooth structure on S 3 × R which cannot be the leaf of a codimension 1 foliation on a compact manifold.
• In the fourth section, we obtain a continuum of different smooth structures on S 3 × R which are non-leaves.
• The last section includes some comments, problems and small improvements.
Complexity of exotic R 4
In this section we present the results of S. Ganzell's thesis [10] on the construction of an exotic R 4 of infinite complexity. This introduction begins with a brief reminder of some known facts in 4-dimensional differential topology. Theorem 1.1 (Freedman [7] ). Two simply connected smooth closed 4-manifolds are homeomorphic if and only if their intersection forms are isomorphic. Theorem 1.2 (Donaldson [6] ). If a smooth closed 4-manifold has a definite intersection form then it is equivalent to a diagonal form.
Definite symmetric bilinear unimodular forms are not classified and it is known that the number of equivalence classes grows at least exponentially with the range. Indefinite unimodular forms are classified [21] : two indefinite forms are isomorphic if they have the same range, signature, and parity. There are canonical representatives for the indefinite forms; in the odd case the form is diagonal and in the even case H 2 (M, Z) splits into invariant subspaces where the intersection form is E 8 or H. These canonical representatives are denoted as usual with the notation ⊕m[+1] ⊕ n[−1] for the odd case and ⊕ ± mE 8 ⊕ nH for the even one. 
For each symmetric bilinear unimodular form there exists at least one topological simply connected closed 4-manifold with an isomorphic intersection form. But this is no longer true for the smooth case, as Donaldson's theorem asserts. It is an open problem what unimodular forms correspond to smooth simply connected closed 4-manifolds. It is known that for a smooth simply connected even 4-manifold the number of "E 8 blocks" must be even (Rokhlin's theorem). It is possible to say more, as in Furuta's theorem [9] which will be useful in this section. ∞) ). The boundaries of these neighborhoods are clearly diffeomorphic to R 3 and we can do a smooth sum by identifying these boundaries. This will be called the end sum of M and N associated to c 1 and c 2 , and it is denoted by M ♮N = M \ V 1 ∂ N \ V 2 . In the case where N and M are both homeomorphic to R 4 , the smooth structure of M ♮N does not depend on the choices of the paths c 1 and c 2 . End sum was the first technique which made it possible to find infinitely many exotic structures on R 4 [12] and it is an important tool to deal with the problem of generating infinitely many smooth structures on open 4-manifolds [2, 10] .
Let us recall an important theorem of M.H. Freedman which is the main tool to determine when a manifold is homeomorphic to R 4 .
Theorem 1.4 (Freedman [7] ). An open 4-manifold is homeomorphic to R 4 if and only if it is contractible and simply connected at infinity. Notation 1.5. Let X be an open manifold and let e be an isolated end. Let K ⊂ X be a compact set. Let us denote by Σ| eK a smooth embedded 3-submanifold Σ of X which disconnects K from e. This means that X \ Σ has two components, one of which contains K and the other is a neighborhood of e. It is clear from basic differential topology theory that for a given K such a Σ does exist.
Let X be an open manifold with exactly one end. Let K ⊂ X be a compact set. Let us denote by Σ|K a smooth embedded 3-submanifold Σ of X which disconnects K from infinity. It is clear from basic differential topology theory that for a given K such a Σ does exist. Definition 1.6 (Complexity). Let X be a smooth manifold and let e be an isolated end of X. The complexity of X in the direction of e, denoted by c e (X), is the number (possibly ∞) given by the following expression:
where K runs over the compact sets in X, Σ runs over the embedded smooth closed 3-submanifolds disconnecting K from the end e, and b 1 (Σ) is the first Betti number of Σ. When the end being considered is clear from the context (for instance when there is only one end or only one is not standard) we shall use the notation c(X).
Let X be a smooth manifold homeomorphic to R 4 . The complexity of X, denoted by c(X), is the number (possibly ∞) given by the following expression:
where K runs over the compact sets of X, Σ runs over the embedded closed 3-submanifolds disconnecting K from the end at infinity, and b 1 (Σ) is the first Betti number of Σ. When the end being considered is clear in the context (for instance when there is only one end or only one is not standard) we shall use the notation c(X).
Remark 1.7. Recall that C 1 submanifolds are isotopic to smooth (C ∞ ) submanifolds arbitrarily close to them, therefore it is unnecessary in the definition of the complexity to consider whether the separating submanifolds Σ is C 1 or smooth.
There exists an exotic R 4 with infinite complexity.
For the sake of completeness we shall sketch the proof of this proposition since it is an important milestone for this paper. The proof splits into two parts. First of all the existence of an exotic R 4 with positive complexity must be shown. Then it is shown that the end sum of these particular exotica produces exotic R 4 's with higher complexity. Thus an infinite end sum will produce an exotic R 4 with infinite complexity.
Let M 0 be the K3 Kummer surface. It is known that the intersection form of M 0 can be written as −2E 8 ⊕ 3H, where the six elements in H 2 (M 0 , Z) spanning the 3H can be represented by six Casson handles
which is clearly homeomorphic to a punctured # 3 S 2 × S 2 by Freedman's theorem 1.1. Let S be the union of the cores of the Casson handles, which we consider to be inside
. If this R were standard then we could smoothly replace the 3H part in the intersection form of M 0 by a standard ball, so the resulting smooth closed manifold would have intersection form −2E 8 , in contradiction to Donaldson's theorem 1.2, since −2E 8 is not isomorphic to a diagonal form.
We want to show that this exotic R has complexity greater than 2. Let K be the compact set in R which is the boundary of a small neighborhood of S. We want to show that any smooth 3-submanifold Σ separating K from the end of R has first Betti number β 1 (Σ) > 2. Assume that β 1 (Σ) ≤ 2.
Let N be the compact 4-manifold bounded by Σ inside R. In the K3 surface M 0 we can obtain a smooth copy of Σ separating the 3H component represented by S from the −2E 8 component, and we let M be the 4-manifold corresponding to 2E 8 bounded by Σ in M 0 . Then we can identify the boundaries and obtain a smooth closed manifold Y = M ∪ Σ N , which must be spin since all the factors considered have even intersection forms. Let us consider the Mayer-Vietoris sequence associated to M and N with rational coefficients:
By Poincare duality H 2 (Σ) ≈ H 1 (Σ) and they have at most two generators. The key observation is the fact that H 2 (M, Σ) = −2E 8 (understanding this notation as the corresponding subspace of H 2 (M ) invariant by −2E 8 ) and H 2 (N, Σ) = 0. From the exact homology sequence of the pair (M, Σ)
we see that the homology 2-classes in H 2 (M ) that become zero in H 2 (M, Σ) come from 2-classes of H 2 (Σ). A similar result holds for H 2 (N ). In the Mayer-Vietoris sequence the image of ψ is generated by H 2 (M, Σ) = −2E 8 and at most two elements in the image of ϕ, since j * • i * H 2 (Σ) = 0. Thus H 2 (Y ) consists of the classes in −2E 8 , at most two other generators in the image of ψ, and at most two generators whose images in H 1 (Σ) are non-zero. Therefore the intersection form of Y is at most −2E 8 ⊕ 2H, with only two copies of H, and this contradicts Furuta's theorem. Thus β 1 (Σ) > 2, so the complexity of R is also greater than 2.
A similar argument applies to an end sum R n = ♮ n i=1 R to show that β 1 (Σ) > 2n. In this case we could construct a smooth closed spin manifold with intersection form at best −2nE 8 ⊕ 2nH (the non-optimal case would have less hyperbolics and more E 8 's) which contradicts Furuta's theorem again. If the end sum is chosen in such a way that the compact set K does not meet the tubular neighborhood used to make up the end sum then the bad compact sets in these R n can be assumed to be union of pairwise disjoint copies of K in each summand, thus K n = n i=1 K. Now let us consider such an exotic R 4 and denote it by R ∞ as above. There exists a family of compact sets K ′ n ⊂ R ∞ , n ∈ N and a strictly increasing sequence
) and K ′ n cannot be disconnected from the end at infinity by an embedded smooth closed 3-submanifold with first Betti number lower than b(n) (of course, these compact sets are obtained by enlarging the "bad" compact sets K n produced in the proof of Proposition 1.8). Without loss of generality we can assume that an optimal 3-submanifold separating K ′ n is embedded inside int(K ′ n+1 ). The function b will be called a complexity function.
This exotic R 4 can be used to produce exotic structures on open 4-manifolds with infinite complexity.
We puncture R ∞ inside the standard ball K ′
1 . An exotic S 3 × R, which we denote by X, is obtained in this way, with one end standard and the other with infinite complexity. The sets B n = K n+1 \ K n are called exotic blocks. It is clear by construction that recurrences cannot occur in the exotic end, otherwise the function b would be bounded which is not the case. This is the key ingredient for our results.
Exotic simply connected smooth 4-manifolds which are non-leaves
In this section we consider manifolds Y ∞ that are not diffeomorphic to smooth leaves in codimension one because they have an end with infinite complexity. Theorem 2.1. Let Y ∞ be a smooth simply connected 4-manifold with exactly one end. Suppose the end is homeomorphic to S 3 × R, that it has infinite complexity, and that H 2 (Y ∞ ) = 0. Then Y ∞ is not diffeomorphic to a leaf of a C 0,1 codimension one foliation of a compact manifold.
In proving this theorem we shall use the basic theory of codimension 1 foliations on smooth compact manifolds arising as integrable plane fields. Remark that in this general situation there exists a smooth transverse dimension 1 foliation N and a biregular foliated atlas which is foliated simultaneously by F and N . The transverse coordinate change is assumed to be only continuous but leaves can be taken to be smooth manifolds and the local projection of one plaque onto another plaque in the same chart is a diffeomorphism. Our basic tools are Dippolito's octopus decomposition and his semistability theorem [3, 5] and the trivialization lemma of G. Hector [14] .
We assume that our foliation is transversely oriented, which is not a real restriction since all the manifolds considered are simply connected and therefore, by passing to a double transversely oriented covering space, the foliation becomes transversely oriented. For a saturated open set U of (M, F ) we letÛ be the completion of U relative to the Riemannian metric restricted from M to U . The inclusion i : U → M clearly extends to a immersion i :Û → M which is at most 2-to-1 on the boundary leaves ofÛ . We shall use ∂ τ and ∂ ⋔ denote the tangential and transverse boundary, respectively. [3, 5] ). Let U be a connected saturated open set of a codimension 1 transversely orientable foliation F in a compact manifold M . There exists a compact submanifold K (the nucleus) with boundary and corners such that Observe that this decomposition is far from being canonical, for the compact set K can be extended in many ways yielding other decompositions. We are not considering the transverse boundary of B i as a part of B i ; in particular, the leaves of i * F |Bi are open sets of leaves of i * F . Remark also that the word diffeomorphism will only be applied to open sets (of M or leaves of F); along the transverse boundaries it is only considered as a homeomorphism. Lemma 2.3 (Trivialization Lemma [14] ). Let J be an arc in a leaf of N . Assume that each leaf meets J in at most one point. Then the saturation of J is diffeomorphic to L × J, where L is a leaf of F , and the diffeomorphism carries the bifoliation F and N to the product bifoliation of L × J (with leaves L × { * } and { * } × J).
Theorem 2.2 (Octopus decomposition
Theorem 2.4 (Dippolito semistability theorem [3, 5] ). Let L be a semiproper leaf which is semistable on the proper side, i.e., there exists a sequence of fixed points for all the holonomy maps of L converging to L on the proper side. Then there exists a sequence of leaves L n converging to L on the proper side and projecting diffeomorphically onto L via the fibration defined by N . Now consider a simply connected 4-manifold Y ∞ with a single end such that that end is homeomorphic to S 3 × (0, ∞) and has infinite complexity, and suppose
For example, if Y is a simply connected smooth closed 4-manifold that is not homeomorphic to S 4 , then we could take
In Y ∞ we can distinguish two parts:
(1) A compact set K Y which is homeomorphic to the complement in Y ∞ of a neighborhood of the end homeomorphic to S 3 × R. (2) The exotic end X which has infinite complexity. Definition 2.5. A sequence of compact sets {C n } n∈N is said to converge to an end e if for any neighborhood V of e, there exists N ∈ N such that C n ⊂ V for all n ≥ N . Proposition 2.6. Let Σ be a smooth closed (connected) 3-submanifold in Y ∞ disconnecting K Y from the end. Let h n be a sequence of automorphisms such that h n (Σ) approaches the end. Then there is a sufficiently large N ∈ N such that for all n ≥ N h n (Σ) must disconnect K Y from the end. We have enough information to begin to follow the line of reasoning of E. Ghys [11] in order to show that Y ∞ cannot be diffeomorphic to a leaf of a codimension 1 foliation in a compact manifold. Assuming that Y ∞ is a leaf, we shall find a contradiction.
Proof. For any automorphism
Proposition 2.8. Let F be a codimension 1 foliation in a compact manifold M . If there exists a leaf L ∈ F diffeomorphic to Y ∞ , then L is a proper leaf without holonomy.
Proof. Since L is simply connected, it is a leaf without holonomy. By Reeb stability there exists a neighborhood U of K Y foliated (diffeomorphically) as a product. If L meets U in more than one connected component then there exists a compact subset B ⊂ L homeomorphic to K Y (via the transverse projection in U ) and disjoint from K Y . This contradicts Remark 2.7. ((0, 1) ), which is a connected saturated open set and consider the octopus decomposition ofÛ as described in Theorem 2.2. Clearly one of the boundary leaves ofÛ is diffeomorphic to L because it is proper without holonomy and c(0) ∈ L. We identify this boundary leaf with L and extend K so that the set
By Reeb stability, there exists a neighborhood of K ′ foliated as a product by K Y × { * }. Since L ⊂ ∂Û has one end, there is an arm B 1 that meets L. The corresponding S 1 is homeomorphic to S 3 × (0, ∞) and thus B 1 is foliated as a product (i. e., the suspension must be trivial). The union of B 1 and the product neighborhood of K meeting L gives the desired product neighborhood on the positive side of L.
Proceeding in the same way on the negative side of L we can find the desired product neighborhood of L. Each leaf is clearly diffeomorphic to Y ∞ since the projection to L is a local diffeomorphism and bijective by the product structure.
Let Ω be the union of leaves diffeomorphic to Y ∞ . By the previous Proposition this is an open set on which the restriction F |Ω is defined by a locally trivial fibration, so its leaf space is homeomorphic to a (possibly disconnected) 1-dimensional manifold. Let Ω 1 be one connected component of Ω.
Lemma 2.10. The completed manifoldΩ 1 is not compact.
Proof. Observe first that ∂Ω 1 cannot be empty, otherwise all the leaves would be diffeomorphic to Y ∞ , hence proper and non-compact. It is a well known fact (see, e.g., [3] ) that a foliation in a compact manifold with all leaves proper must contain a compact leaf. Suppose thatΩ 1 is compact. Then a leaf F in the boundary of Ω 1 must be compact. The holonomy of F has no fixed points or the Dippolito semistability theorem [5, 3] would imply that F would indeed be diffeomorphic to Y ∞ . The orbits of the holonomy maps are proper with no fixed points, thus the holonomy group of the boundary leaves must be isomorphic to Z.
Let h be the generating contracting holonomy map for F . There exists an open neighborhood V ⊂ X of the exotic end such that h induces an embedding h : V → V and h n approaches the exotic end on compact sets (h n (V ) defines that end). In fact, V is diffeomorphic to a neighborhood of one end of the holonomy covering space of F . Since the holonomy is cyclic this covering space has exactly two ends. Let Σ be a smooth closed 3-submanifold in V disconnecting the end from the rest of Y ∞ . Then h n (Σ) must be also disconnecting. It follows that the complexity of Y ∞ is bounded, a contradiction.
Following the approach of Ghys [11] , we have a dichotomy: the leaf space of F |Ω1 must be either R or S 1 . In both cases we shall obtain a contradiction.
Proposition 2.11. The leaf space of F |Ω1 cannot be R.
Proof. SinceΩ 1 is not compact there exists at least one arm for its octopus decomposition. Let B 1 be such an arm that is diffeomorphic to S 1 × [0, 1] via a diffeomorphism φ 1 carrying the vertical foliation to i * N . If the leaf space is R, then φ 1 ({ * } × (0, 1)) must meet each leaf in at most one point. Then the Trivialization Lemma 2.3 shows that the saturation of φ 1 ({ * } × (0, 1)) is diffeomorphic to a product L×(0, 1). By the Dippolito Semistability Theorem 2.4 the boundary leaves must be diffeomorphic to Y ∞ , but this is a contradiction since leaves diffeomorphic to Y ∞ have to be interior leaves of Ω.
For the case when the leaf space is the circle, let us consider a map h : Ω 1 → Ω 1 which maps each point x ∈ L ⊂ Ω 1 to the first return point h(x) ∈ L given by the transverse foliation N . This is well defined globally precisely because each leaf has a neighborhood bifoliated as a product and the leaf space is the circle. Of course, h is a diffeomorphism preserving leaves and giving the monodromy of each leaf in Ω 1 . The main point is to show that this map approaches one end as it is iterated. Proposition 2.12. Let B be an arm of an octopus decomposition ofΩ 1 and let K be a compact set in L ∩ B. Then the sequence {h n |L (K)} n∈N converges to the end of L.
Proof. Let B ≈ S×[0, 1] be that arm of the octopus decomposition ofΩ 1 . The leaves of F B are covering spaces of S, the monodromy is clearly a deck transformation for this covering and it is non-trivial since the leaf space is the circle and we have an arm structure, so it acts properly without fixed points. Therefore h n (x) goes to the end in B ∩ L The same is easily checked for any compact set K in B ∩ L.
Corollary 2.13. The leaf space of F |Ω1 cannot be S 1 .
Proof. Let B ≈ S × [0, 1] be an arm such that B ∩ L contains the exotic end (such an arm exists by Lemma 2.10). The iteration of the monodromy on each compact set on L ∩ B goes to the exotic end by 2.12. Let us consider a separating smooth closed 3-submanifold contained in L∩B. Since h is defined globally on L, h n (Σ) are also separating and diffeomorphic to Σ. Therefore the complexity function must be bounded which is a contradiction.
Under the hypothesis that Y ∞ is diffeomorphic to a leaf, we have shown that the leaf space of F |Ω1 must be a connected 1-manifold, but also that it cannot be the line or the circle. This contradiction completes the proof of Theorem 2.1.
What can be said about R ∞ ? All the arguments work except for the proof that it must be a proper leaf. Thus the following holds. Proposition 2.14. The manifold R ∞ cannot be diffeomorphic to a proper leaf of a C 1,0 codimension one foliation of a smooth compact manifold.
3. An exotic S 3 × R which is a non-leaf
In the first part of the previous section, only the topology of Y ∞ was needed in order to show that leaves diffeomorphic to it must be proper without holonomy and have a product foliated neighborhood. We can obtain a similar result for X, the exotic S 3 × R obtained by puncturing R ∞ . We remark that X has two ends, one of them standard, and the other exotic since it comes from R ∞ . The goal of this section is the proof of the following theorem.
Theorem 3.1. The manifold X, which is R ∞ with one point removed, is not diffeomorphic to a leaf in a C 1,0 codimension one foliation on a compact manifold.
An easier result is the following. * AND PAUL A. SCHWEITZER, S.J.
Proposition 3.2. The manifold X cannot smoothly cover a closed smooth 4-manifold.
Proof. Let Σ be a smooth 3-sphere that separates the puncture from the rest of X. If X does cover a smooth 4-manifold, the deck transformations must be smooth automorphisms of X so h(Σ) also disconnects the ends of X for any deck transformation h. In addition Σ and h(Σ) are diffeomorphic and they have vanishing first Betti number.
Since the covered manifold is compact, for each compact set K ⊂ X there exist deck transformations h n , n ∈ N, such that h n (K) approaches the exotic end. Thus, by taking K = Σ, it is clear that the complexity function b : N → N would be bounded (in fact identically zero), and this is a contradiction.
Remark 3.3. Indeed, we only need different complexities on the two ends in the above proposition. But observe that the previous argument does not hold for an exotic R 4 , even with infinite complexity! We used strongly the two-end structure of X to be sure that h n (Σ) is an end-disconnecting 3-submanifold. In an exotic R 4 it would be also true that h n (Σ) approaches the exotic end but is not clear that it would disconnect a prescribed compact set from the exotic end.
The rest of this section is devoted to the proof of Theorem 3.1 Definition 3.4. We say that a leaf L ∈ F contains a vanishing cycle if there exists a connected non-null-homologous 3-cycle Σ ⊂ L and a family of null-homologous 3-cycles {Σ n | n ∈ N} in L that converges to Σ along leaves of the transverse foliation N .
Proposition 3.5. In a C 0 codimension one foliation of a compact manifold, no leaf L homeomorphic to S 3 × R contains a vanishing cycle Σ that is homeomorphic to S 3 .
Proof. Let L be a leaf homeomorphic to S 3 × R in a C 0 codimension one foliation of a compact manifold M , and suppose that Σ is a vanishing cycle homeomorphic to S 3 in L. Thus there is a sequence Σ n of null-homologous 3-cycles on L converging to Σ along a transverse foliation N . Let Σ × [−1, 1] be identified with a bifoliated neighborhood of Σ so that Σ is identified with Σ × {0}. We may assume without loss of generality that infinitely many of the cycles Σ n are on the positive side of Σ. Since the cycles are null-homologous and homeomorphic to S 3 on L ≈ S 3 × R, each Σ n bounds a 4-disk embedded in L. Let S + (resp., S − ) be the set of numbers t ∈ (0, 1] such that in the leaf L t that contains Σ t = Σ × {t}, Σ t bounds a 4-disk D t on the positive (resp., negative) side of Σ × [0, 1].
Note that there exists an ǫ > 0 such that S + ∩ S − ∩ (0, ǫ) = ∅, for any leaf containing Σ t for t ∈ S + ∩ S − ∩ (0, ǫ) would be the union of two 4-disks and therefore compact, so if no such ǫ existed, L would be a limit of compact leaves and therefore compact, which is false. Now at least one of S + and S − has 0 as a limit point-say it is S + . If there existed ǫ > 0 such that (0, ǫ) ⊂ S + , then the 4-disks D t would fit together to form a cylinder D 4 × (0, ǫ), and by Proposition 7.1 of [20] , the leaf L would be the boundary of a (generalized) Reeb component, which is compact, again giving a contradiction. Hence there must exist an open interval (a, b) ⊂ (0, 1) which is a connected component of S + ; thus (a, b) ⊂ S + and a, b / ∈ S + . Applying Proposition 7.1 of [20] again, we find that the leaf L a must be the boundary of a Reeb component whose interior leaves are the leaves L t for t > a, while L b is the boundary of another Reeb component whose interior leaves are the leaves L t with 0 < t < b. This implies that L a must be both compact and non-compact. This contradiction completes the proof of the proposition. Proposition 3.6. Let L be a leaf of F diffeomorphic to X. Then L must be a proper leaf.
Proof. Let K be a compact set in L homeomorphic to S 3 × [0, 1] and such that K contains the first exotic block B 1 . By Reeb stability there exists a neighborhood of K foliated as a product K × (−1, 1) (the original K is identified with K × {0}) where the projection of a tangential leaf to another in this neighborhood is a diffeomorphism. If L ∩ K × (−1, 1) contains a non-trivial subsequence K × {t n } with t n going to 0 then two situations may occur:
(1) K × {t n } does not disconnect the ends of X for all sufficiently large values of n. This is not possible by Proposition ??, since otherwise L will contain a vanishing cycle. (2) K × {t n } disconnects the ends of L for some subsequence of t n . This means that the disconnecting exotic block B 1 appears arbitrarily close to one end of X. Clearly, this end cannot be the standard one. This contradicts the fact that the complexity of the exotic end is infinite.
Now the proof follows the same path as in the above section. The proofs differ only in one main point: X has two ends and one of them is standard, so minor modifications are needed. 1) ), which is a connected saturated open set and consider the octopus decomposition ofÛ . One of the boundary leaves ofÛ is diffeomorphic to L because it is proper without holonomy and c(0) ∈ L. We can extend
. By Reeb stability, there exists a neighborhood of K foliated as a product by
Since L has two ends, there are two arms B 1 , B 2 meeting L (a priori not necessarily different). The tangential fibers S 1 , S 2 are homeomorphic to S 3 × (0, ∞) (and diffeomorphic to a standard one on one side and an exotic one on the exotic side) and thus B 1 and B 2 are foliated as products (i.e., the suspension must be trivial). The union of small product neighborhoods of the ends of L in B 1 , B 2 and the product neighborhood of K meeting L gives the desired product neighborhood on the positive side of L.
Proceeding in the same way on the negative side of L we can find the desired product neighborhood of L. Each leaf is clearly diffeomorphic to X.
As in the previous section Ω will be union of leaves diffeomorphic to X. By the above results it is an open set where the restriction F |Ω is defined by a locally trivial fibration and the leaf space is homeomorphic to a (possibly disconnected) 1-dimensional manifold. Let Ω 1 be one connected component of Ω. * AND PAUL A. SCHWEITZER, S.J.
Lemma 3.8. The completed manifoldΩ 1 is not compact.
Proof. As before, the leaves of the boundary ofΩ 1 would be compact, and the orbits of the holonomy maps are proper without fixed points, so the holonomy group of the boundary leaves would be isomorphic to Z. Let F be a compact leaf in the limit of the exotic end of some leaf diffeomorphic to X in Ω 1 . Let h be the generating contracting holonomy map for F which is extended to a domain of the exotic end. Now the proof follows the same arguments as in 2.10.
Corollary 3.9. The leaf space of F |Ω1 cannot be R.
Proof. By Lemma 3.8 there exists at least one arm in the octopus decomposition ofΩ 1 . This is the only condition needed to follow the argument of Proposition 2.11 and obtain a boundary leaf diffeomorphic to X.
For the circle case we consider as above the monodromy map h : Ω 1 → Ω 1 which again is globally defined. Proof. Let B ≈ S ×[0, 1] be that arm of the octopus decomposition ofΩ 1 . As in the above section, the monodromy is a deck transformation for the holonomy covering of S and non-trivial since the leaf space is the circle. So it acts properly without fixed points, hence h n (x) goes to one end in B ∩ L, and the same is easily checked for any compact set K in B ∩ L. Clearly h maps the exotic end into the exotic end. This completes the proof. The proof of this corollary is analogous to the proof of Corollary 2.13, and this completes the proof of Theorem 3.1 4. A continuum of exotic S 3 × R which are non-leaves A deeper analysis of the above section shows that only the exotic end of infinite complexity and the two-end topology play a part in the proof. The smooth structure of the standard end is inessential in the proof. Let {R t } t>K be the continuum of (different) exotic R 4 's given by Taubes [22] . Now consider X t = R t #R ∞ , which is an exotic S 3 ×R with an end with infinite complexity. The proof of the above section can be adapted to show the following corollary (details are left to the reader).
Theorem 4.1. The manifolds X t are not diffeomorphic to any leaf in a C 1,0 codimension 1 foliation in a compact manifold. Proposition 4.2. The manifolds X t and X r are not diffeomorphic to each other if t = r.
Proof. The manifolds R t arise from an exotic R 4 , R, which has the same end structure as the smooth structure of a punctured topological 4-manifold Z with intersection form isomorphic to E 8 ⊕E 8 induced by Freedman and Quinn's techniques [8] . (Note that a closed manifold with this intersection form is not smoothable by Donaldson.) In fact, the R t 's are preimages of balls of radius t in a standard R by a homeomorphism ψ : R → R 4 . Thus, for t < r, R t can be seen as an open set of R s . In our case, X t is embedded in X r for t < s, and if they were diffeomorphic we could find a periodic smooth structure at the end of Z in an analogous way to Taubes' arguments for the family R t [22] .
Final comments
Now that we know how to adapt Ghys' proof to the case of exotic ends, it is easy to show that Y ∞ \{x 1 , x 1 , . . . , x n } is also a non-leaf, for any simply connected closed 4-manifold other than S 4 . As in the above section we can use Taubes' arguments to produce a continuum of exotic structures on them by perturbing one standard end with the Taubes family of exotica.
Here we are introducing the first examples of non-leaves arising from a process different from a connected sum of blocks, by taking advantage of the exceptional bad behavior of the exotic end of R ∞ . Our examples are very simple from a topological point of view: they are simply connected and homotopy equivalent to compact CW-complexes, so this answers some questions in [1] for dimension 4. Sadly, the simplest one, R ∞ , has escaped from our method of proof. Exotic R 4 with infinite complexity are, in our opinion, the best candidates for non-leaves. This work is, as far as we know, the first insight into the problem of realizing exotic structures on open 4-manifolds (which are restricted to this dimension) on leaves of a foliation in a compact manifold. We indicate our feelings in the following conjecture, which we are far from proving, since it includes the higher codimension case, which is missing in this paper. It is a goal for future research. Finally we include a last remark. It is a folklore result in foliation theory that every manifold with bounded geometry can be realized (isometrically) as a leaf in a compact foliated space. It is known [13] that every smooth manifold supports such a geometry, so it would follow as a corollary that every smooth manifold is diffeomorphic to a leaf in a compact foliated space. In particular this would be true for any exotic R 4 . However the (transverse) topology of this space would be, in general, far from being a manifold. Anyway, this gives us some hope of finding an explicit description of exotic structures by using finite data: the change of coordinates of a finite foliated atlas.
